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Abstract. In this paper, we study a elass of first order nonlinear degenerated 
partial diff'erential equations with singularity at (t, x) = (0, 0) G C^. By means 
of exponential type Nagumo norm approach, Gevrey asymptotic analysis ex- 
tends to case of holomorphic parameters by a natural way. A sharp condition 
is then established to deduce the fc-summability for the formal solutions. Fur- 
thermore, analytical solutions in conical domains are found for each type of 
these nonlinear singular PDEs. 
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1. Introduction 

As early as in 1913, Gevrey [13] studied following forward-backward diffusion 
equations 

(1.1) A(t,x)ux — B{t,x)utt + (lower order terms) = /, 

where the coefficient A{t, x) changes sign through the line A{t, x) = 0. Later, this 
kind of equations has been used widely, e.g. to deal with the so-called "counter- 
current convection diffusion" process which appeared from some physical or chem- 
ical problems. Even for the simplest forms of the degenerated equation (|1.1|) . such 
as 

XUx - '^Utt + tut = 0, tUx - Utt = 0, 

and 

X^Ux - X^Utt - tut = f(t, x), 

we can also find some interesting applications in kinetic theory and stochastic pro- 
cesses (cf. P^ll5n] and references therein), these examples would be covered by more 
general degenerated PDEs, such as 

(1.2) {tdtru^F{t,x,{tdtydiu), 

where one may assume the indices i, j to be such that in + jni < mn and i < m, 
with some positive integers m and n. Note also that several reaction-diffusion 
equations [TT] of type 

dtu = dxxU + f{u) 

can be written in a form of the (11.21) while the time variable t is put into a suitable 
"exponential scale" t ^ t = e^*- . 

In this paper, only the case of to = 1, n = 1 will be considered for the partial 
differential equation (|1.2p under the initial condition u{Q,x) — and the approach 
used in the following can be expected to be applied to general cases. More precisely. 
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we will suppose that F{t,x,u,v) be a function holomorphic at G such that 
i^(0,a;,0, 0) = 0. Then, equation (|1.2p can be written into the following form: 

(1.3) tdtu = a{x)t + b{x)u + "f{x)dxU + 

i+j+a>2 

where a(x), b{x), j{x), aij,a{x) are holomorphic on an open disc centered at G C. 

The existence and uniqueness of holomorphic solution of (II. 3p depend mainly 
on the valuation of the function 7 at a; = (see p^, chapters 5, 6 and f5^). So, 
let p = val(7) be the valuation of 7(1) at x = 0. For the case p = 1, the existence 
and uniqueness of holomorphic solutions of (II. 3|) are proved in (SHE] ■ For the case 
2 < p < 00, if the following condition (F) is satisfied: 

(F) 6(0) ^ N* = {1,2,3,...} and a,,^- „(0) 0, V a > 0, 

then, thanks to Theorem 1.2 of |5J, the equation (jl.Sp has a unique power series 
solution, which is convergent in t and divergent in x with Gevrey order 1/k or 
1 + 1/fc according to convention of [5] {k = p — 1). 

1.1. Main results. For convenience, we rewrite 7(0;) as x'''^^c{x) and let c = c(0), 
b = 6(0), with c . One main result of this paper may be the following 

Theorem 1.1. Under the condition (F), the equation l|1.3|) has a unique formal 
solution il{t,x), which is convergent in t and k-summable in all directions of the 
x-plane except at most a countable directions belonging to the following set: 

,^ 1^1 r arg(z) + 2i/7r .1 1-62-63-6 , 

On the other hand, if the condition [F) is not satisfied, the formal power series 
solution may be divergent in both variables t and x. For example, the following 
nonlinear partial differential equation 

(1.5) tdtu = a{x)t + x^ dxU + t{dxu)'^ , u(0,x)=0 

has a unique formal solution in the Gevrey type power series space C[[t,a;]]i ^ if 
a{x) ^ a(0) and val(a(a;)) < 1 (see [5]). 

Theorem 1.2. Consider the equation hl.^) and suppose that a{x) ^ a(0) and 
val{a) =0 or 1. Let 

«(i,x) = ;^i;„(a;)r+i 



be the formal solution of SI. 5]) and denote 

Vn{x) 



U{r,x)^Y. 



as the formal 2-Borel transform of u{t, x) on t. Then the power series U is con- 
vergent in T and Borel summable with respect to the variable x in any direction 
excepted in R"''. 

However, by using transformation such as w{t,x) — u{tx,x), the condition (F) 
would be always satisfied for every equation (|1.3|) . provided the initial equation 
admits a formal solution, e.g. if 6(0) ^ N*. Applying Theorem 11.11 to this new 
equation yields the following result. 
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Theorem 1.3. For any equation of the form (II. 3|) . ifb{0) ^ N* and val{j) = k + 1, 
then for almost every sector V of openness larger than but enough close to n/k, there 
exists R > such that (|1.3|) admits an analytic solution in the associated conical 
domain e C x V : \t\ < R\x\ < R"^}. 

The result stated in Theorem 11.11 is more general than that given in our pre- 
vious note [19] where, instead of the condition (F), the following more restrictive 
condition is assumed: 

(Fl) 6(0) ^ N* = {1, 2, 3, ...} and val(a,j- „) + > val(7), V a > 0, 

where = min(val(o), i/o) with i^q — min {val(ai_o,o) ■ i ^ 2}; see [20j for more 
details. In spite of the above condition (Fl), we are led to study a convolution 
PDE that can be decomposed into an infinite dimensional system of nonlinear 
convolution differential equations. In order to prove the existence of solutions with 
exponential growth at infinity, we introduce a family of Nagumo type norms to 
Banach spaces which were used in our previous paper ^20j . 

The original definition of the fc-summability may be found in [31]; see also [I], 
where the A:-summability and the multi-summability are both applied to the analytic 
ODEs with singularities. Even the situation seems somewhat similar as what hap- 
pens for singular perturbation problems 0], the principal framework in our study 
remains inside the fc-summability with holomorphic parameters, such as in [24]. A 
more precise version of Theorems 11.11 fTT2] and l 1 . 3l will be given as Theorems l7.HfT0T] 
and l9.3| respectively, and also by expression ()8.ip and Corollarv l9.ll 

Observe Theorem 11.11 can be improved to the case where coefficients a(a;), 
cii,j,a{x) of (|1.3p are only assumed to be fc-summable in suitable directions; see 
Theorem l8.ll In the semilinear case, a simple analytic change of coordinates suffices 
to resolve any equation by fc-summable functions (cf. Theorem 19. 1|) . 

1.2. Plan of the paper. This paper contains two parts: the part 1, from Section[2] 
to Section [S] is devoted to a reformulation of fc-summability with holomorphic 
parameters by means of Nagumo norms in (generalized) Borel-plane; the part 2 
is concentrated to application of results of Part 1 to the class of PDEs of the 
form dO]) . 

In Section [5J several functional spaces are introduced by means of a family of 
exponential-Nagumo type norms; these spaces may be of interest in a general setting 
for studying PDE summability. In Section [3l the main result is Lemma 13. H which 
allows us to give estimates on derivatives of a function in terms of exponential- 
Nagumo norms; see also Corollarv l3.1l Results of these two sections will be extended 
to any positive level fc > in Section 2] 

In Section [S] we will start by recalling some basic definitions or facts on fc- 
summability over C and therefore deal with a version with holomorphic parameters 
introduced by J. Martinet and J. -P. Ramis in [24]. The Nagumo type norms ex- 
amined in the previous sections are used and useful as test tool for studying these 
functions in (generalized) Borel plane. 

From Sectionini we consider equation (|1.3|) and, firstly, by assuming the condition 
{F) we check an analytical equivalent form for that applying Borel transform gives 
raise to a good convolution equation. In Section [71 we will give the proof of Theo- 
rems [LT] for the case of fc = 1, which corresponds exactly to the Borel-summability 
case. A complete proof of Theorems 11.11 will be given in Section [8j 
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In Section [9l we consider more general cases in which the condition (F) wih be 
not satisfied. By using some elementary transformations on the initial variables, we 
study the summability of the formal solutions in this case, particularly, it will be 
proved that, in this special case, the equation (11.31) admits an analytical solution 
in some suitable conical domains for each time while the formal solution exists; see 
Theorem 19.31 and its Corollary 19.11 

Finally, Theorem 11.21 will be proved in Section [TOj together with Theorem 110.11 

1.3. Notations and related problems. The following notations will be used in 
this paper. 

• For R > and a G C, D{a;R) denotes the open disc {\x — a| < R) in 
complex plane. 

• The symbol log will denote the principal branch of the complex logarithm 
given over its Riemann surface denoted by C*. 

• The set of non-zero complex numbers can be identified as (0, oo) x S^, where 

denotes the unit circle {|a;| = 1}. We will call direction (over C) any 
element d G S^, that can be represented by a real number belonging to 
[0,2^). 

• If ri denotes a domain of C or C" for any positive integer m, 0{Vl) will be 
the set of functions defined and analytic in Q,. 

• For all fc > 0, C[[a;]]i/fc denotes the space of power series of Gevrey order k: 
E„>o«"2;" e C[[x]]i/fc if, and only if, En>o r(i+»/fc) ^" admits a positive 
radius of convergence. When fc = oo, by convention C[[x]]o = C{x} denotes 
the set of germs of analytic functions at x = 0. 

It would be interesting if results of this paper might be extended and applied to 
classical equations mentioned in the beginning of Introduction. Also it seems that 
a generalization to high order equations would be possible whilst fc-summability 
with holomorphic parameters would be replaced by multisummability version. In 
addition, analyzing Stokes phenomenon would be possible and interesting at least 
for some particular cases, e.g. one of the cases may be the equations of semilinear 
case. 

Since the work [22] on the summability of formal solutions of the heat equation, 
many authors have studied the (multi-)summability for PDEs, see, for example, 
P[gi fT5Hrn[?7H^ and the references therein. Theorem [L^ of this paper illustrates 
in what manner a combination of summations in two variables becomes necessary 
for some singular PDEs. This study will be continued in a forthcoming work [21] 
while the Gevrey type asymptotic analysis and summability involving two complex 
variables are considered. 



Part 1. Nagumo norms and fc-summable functions 

A power series is said Borel-summable in a given direction d if its Borel transform 
represents an analytic function at the origin in the Borel plane, saying ^ = 0, which 
can be analytically extended into a function possessing at most an exponential 
growth of the first order at the infinity over an open sector bisected by d. It is 
natural to introduce exponential type norms for functions in the ^-plane. 
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As it is easy to be seen, any analytic partial differential equation may be, in 
most of cases, read as an infinte dimensional system of equations while expending 
along one variable. So one may be led to study a sequence of exponential norms 
and this is why we will consider Nagumo type norms to improve exponential norms 
over a sector; see Section [2] The classical Nagumo's norm (cf. [26]) consists of 
some functional norm depending on the distance to the boundary (e.g. a circle for 
a disc) of every point in a domain where one has to make functional estimates. 
See [H §3] and references therein for more information on Nagumo type norms and 
their applications. 

In Sj3l Lemma 13.11 will be established for assuming estimates of derivatives in 
terms of norms of given function; it will play a key role in the proof of Theorem 11.11 
done in Sections [7] and |8] of Part 2. In f|4l after considering extension to the case 
of a sector joined by a disc - this is really the case for the classical definition of 
Borel-summability, we give also fc-summability version of previous results. 

Section [5] is devoted to fc-summability with holomorphic parameters, inspired 
by the work [24] of J. Martinet and J. -P. Ramis. In terms of Nagumo norms, 
some equivalent conditions will be given, in Theorem 15. 2| to assume holomorphic 
parameters fc-summability. These creteria will be followed through all of the Part 
2 for the study of summability of partial differential equations. 



(2.1) Mq = sup )^ ^ '' (ln(l + s^) -I- sarctans). 



2. Nagumo norms and some functional spaces 

Let us start by the following Banach space £s,^ studied in [9] and [19]. For any 
d e and 9 G (0, tt), we set 

S{d, 6*) = {e e C* : I argC - d\ < 6}. 

Let S — S{d, 9) and ^ > 0; a functions / G 0(5') belongs to £s,^I. if 

ll/lls,^ := Mo sup 1/(0(1 + |ei')e-^'«'l < oo, 

where Mq is the constant given by the formula 

;>o s(4 + s2) 

Among interesting proprieties of Es.^i, we are content to notice that {Es.^n \\ ||s./i) 
constitutes a Banach algebra with respect to the convolution product and, more- 
over, if /i2 > /ii and fi € Ss.m, then 

(2.2) ||/l*/2||5,p. <4[Afo(M2-A*l)]-^||/l||5,pJI/2||5,,... 

When III — fi2, the above relation (|2.2p can be modified as follows: 

(2.3) ll/i*/2||s,M. < II/i||s,mJI/2||s,m.- 

Now we introduce some Nagumo type norms for extending these functional 
spaces. We will see that such norms allow to estimate the derivatives in terms 
of any given function; see Section [3l Lemma 13.11 and Corollary 13.11 

Definition 2.1. Let 9 e (0,7r), S := S{d,9) and let fi e (0,ooe"*''), i.e ^e^'^ G 
(0 + co); for any £, ^ S, let 

(2.4) d{0 = S{^,S) ■.= mm{d + 9-aig^,^d + 9 + eiig^,l}. 



NAGUMO NORMS AND SUMMABILITY OF SINGULAR PDES 



7 



For any f G 0(5*) and n > 0, we define: 



\s,,,n Mo sup + |^n<5(0"| , 



where AIq is the positive constant given by (j2.ip . 

The function f will be said belonging to £s,p,,n */ ||/||s,/^,ti < oo. 

In the definition 12. 1[ the parameter n > can be often chosen as a non- negative 
integer. 



Remark 2.1. In Definition \2.1\ contrary to what done in our previous paper 
we make use of e~^^ instead of e~^^^^ ; this modification permits much flexibility to 
carry arguments inside Complex Analysis. See Corollary \3.1\ Proposition \4-^ and 
so on. 

We notice firstly that if 6* < 7r/2, S — S{d, 6) and /i — l/ile^*'', then the following 
inclusions hold for any n > 0: 

(2.5) £s,\ti\coa6 C ^-S,M,0 C £s,fj.,n- 

Indeed, in view of the fact that S{£^, S) < 1 and 
it follows that, for any given / G 0(5"): 

(2.6) ||/||s,;.,n< ||/||5,M,0< ||/||s>|co.e. 

One can easily prove that each {£s,^,n, \\ ■ ||s,m,".) constitutes a Banach space. Let 
/I, // e (0, ooe"*'^) with > |^'| and let n > n' > 0. Observe, as in (|2.5p and 
(|2.6p . the Banach space £s,fi',n' can be considered as a subspace of Ss.fi.n and the 
following inequality holds: 

(2.7) V/e%M',n': ||/||S,M,« < 

With regard to the estimates of (|2.2p and (|2.3[) for the convolution product, one 
has following result. 

Proposition 2.1. Let S — S{d,9) and /i as in Definition \2.1\ and let n, n' > 0. 

The following assertions hold. 

(1) If f e £s,p.,n and g G %^^„', then f *g £ fs,M,n+n' and 

(2.8) I!/ < 11/115,,. 

(2) Let ^' G (0, cxie"*'') such that \^\ < \^'\. If f £ ^s.m.o, 9 S £s.n',n, then 
f *g & £s,^i'.n and 

(2.9) 11/ * 5lls,M',n < C^M'-M ll/lls,M,o 
where, Mq being defined by (|2.ip . iwe sei.- 

^ Mocos(6'/2) 1^' -^1' 

Proof. Let / G £s,ij.,n, g & £s,ti,n' and let ^ G S'. For any r G (0,^), it follows that 
5(t) = 5{£^ — t) = 5{£)] hence, the following inequality holds for all r G (0,^): 

(2.10) l/W»K--)l^^/.. (i + |;!.'p)(i + |.p) . 
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where we set 



^ __ ||/||5,M,» Uglls,^,"' 



By expressing / * g{i^ as integral of r i— >■ f{T)g{£^ — t) over interval (0,^) and 
by considering (I2.10p in this expression, one can deduce that 



|/*5(C)l<C^/,s'5(0-"-"'|e'^«l / 

^0 



dr 



lo (i + IC-^P)(i + |tP) 

If we define 

r dt 
then we get the following estimate: 

Since 

2^^ . ^'^0 



-^(^) ~ Ta 9\ arctans + ln(l + s")) < 



we obtain the estimate (j2.8p . which implies that f * g ^ £s,p,,n+n', the first part of 
Proposition [O] is proved. 

Next, let / e £s,tJ.,o, 9 G ^s.^',™, instead of (I2.10p . we have 



(2.11) 



where C^r^ is a similar constant as C/.g, thus by similar way, we can prove the 
estimate (|2.9p holds, the second part of Proposition [^?11 is proved. □ 

If we take n = n' = in (|2.8p , we find following corollary. 

Corollary 2.1. The Banach space £s,fj,,o constitutes a Banach algebra w.r.t. the 
convolution product. 

Proof. It is clear. □ 

On the other hand, from Proposition 12. 1[ one can not know whether the space 
i£s,p,,n, II • lls.^.n) does Constitute a Banach algebra w.r.t. the convolution product 
when n > 1. 



3. A KEY LEMMA 

In this section, the main result is Lemma l3.11 in which we will give an estimate of 
the first order derivative of a function in functional spaces introduced in Section [21 
Let SDb^c^k be the set given by (|1.4I) . It is easy to check that, for any direction d 
which does not belong to SDh cjc, there exist positive constants 9 and a such that 
for any n E N* and ^ G S{d, 6), the following estimate holds: 

(3.1) \n-b-ce\><jin+\e\), 
where b — 6(0) and c — c(0). 
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Lemma 3.1 (Key Lemma). Let 6 S (0, n), S := S{d, 9) and n he a positive integer. 
If for k = 1 and cr > the inequality \3.1\) holds and [n — h — ci^)f G £s,p,,n-i, then 
S,d^f G £s,fi,n and 

(3.2) \mf\\s,^,n <E\\{n-b- cOfWs.j^.n-i, 

where E = a^^{e^ + |/z|) and a is a positive constant satisfying hS.l]) in the case of 
fc = 1. 

The proof of Lemma |3. II will be given later in this section, which will depend on 
following two propositions. 

3.1. Nagumo norms inside Cauchy formula. Notice that the function ^ i— s- 5{£) 
given by (|2.4I) depends on the angular distance of f to the half-lines sides of the 
sector S. If we set 77 = log^, this means that ^ = e**, then the sector S = S{d, 9) 
will be transformed into a horizontal strip £7 :— n{d,9), which can be identified to 
the unbounded rectangular domain R x {d — 9,d + 9)i. Let d{C,) = 5{e'^) for any 
^ G f2, and let ci(^,9fi) be the distance from C, to the boundary of fi. It follows: 

(3.3) d(C) <min{l,d(C,ai])}, d{C + ri) > d{C) - H 
for any (C, 77) G x 17 such that C + G 

Proposition 3.1. Let D he a simply connected region of the complex plane and let 
d{Q be a positive function defined in D satisfying the condition p.3|) where D, is 
replaced hy D. Let f G 0{D). If there exist k > 0, n > and C > such that, for 
any € D, 

(3-4) 1/(01 < (,^|,c|;.),(^)„ . 

then the following estimate holds over the whole domain D: 

e2'=+i(n + l)C 



(3.5) |/'(C)| < 



(l + |eq2fe)rf(()n+l 



Proof. Let ( G D and choose a positive r such that r < d{(). Let CQ,r be the 
positively oriented circle centered at C with radius r. By using Cauchy formula, it 
follows: 

/'(C) = — / ^^^^ 

27rz Jc, 

Replacing C by C + ''e'" in p.4p , one has 

l/'(C)l < 



1 /-^^ Cda 



27rr 7o (1 + |eC+'-«'" p'')[d(C + ?-e"*)]" ' 
which implies that 

^^•^^ '^'^^^1 - TTFF r[d(C) - r]" ' 

in view of (|3.3p and of the fact that r < d{() < 1. 

If n = 0, from (|3.6|) we get the required estimate p.5p by choosing r = If 

n > 1, we choose r — which implies the estimate (|3.5I) from (|3.6I) : indeed, we 
have following obvious estimate: 

1 n + l f 1 ^ 



i(i(C)-r]" d(C) Vrf(C) n 



t\"_ n+l e{n + l) 

J ~ d(C)"+i V n J - d(C)"+i ■ 
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Proposition 13 . 1 1 is then proved. □ 

The fohowing resuh can be proved as a direct apphcation of Proposition l3.1l with 
D = O = log S{d, 0) and d{C) = J(e^). 

Proposition 3.2. Let h e 0(5") with S = S{d,e). Let S{^) be as in jM]). If there 
exist constants k > 0, n > and C > such that 

m){i + \e'mr\<c 

for all ^ G S*, then the following estimate holds over S : 

(3.7) 1(1 + le'mr^'^d^hm <{n + l)e''+'C. 

Proof. It suffices to apply Proposition 13 . 1 1 to the function f{C,) = h{e'^) for C G = 
log(5') and d{Q = 5(e^), noticing that 

/'(C) = e^h'ie^) = £,d^h{0 

and 

1/(01 < ^ 



l + |eq2fe)d(C)^ 



□ 



The estimate (13.71) can be also expressed as follows: for all ^ G S", 

{i+\e'mr^'mKi)\ 

if we put k ~ 1 and replace n by rt — 1, we find, for all ^ G 5* and n > 1: 

(3.8) {i + \emrmh{s,)\ 

<e^n supiMna + ie'iwr^'i- 

This estimate permits to establish the following interesting result. 

Corollary 3.1. Let S = S{d, 9), fj, and n as in Definition \2.1\ Suppose n > 1 and 
let f G Ss.j_i,n-i- If £,f G £s,ti,n, then ^di^f{^) G £s,^i,n and, moreover, the following 
estimate holds: 

(3.9) \mfms,^,n<e'n\\fU,,,^i + \mf\h,,n. 
Proof If we write h{^) = /(^e"''^ for aU ^ G 5, it follows that 

Mo\{i+e)m)mr-'<\\f\h,,n-u 



where Mq denotes the positive constant given by (|2.ip . From relation p.Sp one 
deduces immediately that 

(3.10) Mo{i + \emrmm\ < e=^«ii/iis,p,„-i. 

On the other hand, since 

id^hiO = e-^«e5c/(?) - /^e/(Oe-^«, 

from p.lOp we obtain: 

Mo|(l + |^nr(e)e-^«^9^/(?)| 

<e^n ll/lls.M.n-i + Mo(l + l^mT le-'^f^^fiOl ■ 
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We finish the proof by taking the sup of both sides for all ^ e 5 and making use of 
the definition of || • ||5,^,n and that of || • \\s,n,n-i, respectively. □ 

3.2. Proof of lemma l3.ll 

Proof. By hypothesis, {n — b — cS^)f G £s,^Jl,,n-l with n > 1; so, we may define: 

(3.11) if„_i := \\{n-b-c^)f\\s,^,n-i < c». 

As in the proof of Corollary 13. 1[ let = /(O^^^^ for all ^ G S* and, by a similar 
way, we can find the following estimate: 

(3.12) Mo|(l + |en5"(Oe-'^^^5e/(e)| 

< - if„_i + Afo(i + \emr ie-'^vc/(e)i • 

a 

Since 5{£,) < 1, relation p.l2p implies that 

\mf{0\\s,f.,n<CK„^,=C\\{n-b-cOf\\s,f.,n-i 

if we set 



e 



3 



C = h sup ■ 



ies\n-b~c^\' 
So from p.ip . we have 

a 

The proof of Lemma 13.11 is complete. ^ 

4. Two EXTENSIONS 

The present section will be devoted to make some extensions for results obtained 
in the last two sections, [J2] and [JH The first extension will be given by adding to 
any sector S{d,0) an open disc centered at the origin, and the second one will 
concern the case of any positive level k. 

4.1. Case of a sector joined by a disc. For any R>0 and d G R, 6* G (0, tt), 
we define 

S{R; d, 9) := S{d, 6i) U {C G C : < |^| < i?} . 
Noticing that 5(0; d, 9) = S{d, 9), we will see how to continue to have results known 
for S{d, 9) while replaced by S{R; d,9). A such sector may be said sector joined by 
a disc. 

In the proof of Proposition 13.21 one identifies each open sector S{d, 9) to a hori- 
zontal strip, saying 

n{d,9) ==Rx {{d^9,d + 9)i}, 
via the complex logarithm application log (with principal branch...) and, by this 
way, the angular distance 5(^,5) given by p.4p is exactly the distance of log^ to 
the boundary of J7(d, 9). This observation inspires the following definition. 

Definition 4.1. Let S = S{R; d, 9) with R>0. Let 

n = n{R; d, 9) := n{d, 61) U {77 G C : sft?7 < Ini?}. 
We define, for any ^ £ S : 

(4.1) <5(e))=(5(e,5):=min(l, inf | log^ - t?!) , 
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where logS, denotes any number rj G d, 6) such that ^ = e^ . 

See Figure A below for the correspondence between S{R; d, 9) and f2(_R; d, 6). As 
i? ^ 0, we see the domain Vt{R\ d, 9) approaching the horizontal strip f2((i, 0). 




S{R; d,9) 3 ^^f] = \og^£ n{R; d, 9) 
Figure A 

Remark that if ^ belongs to the open disc D{0;R), then S{£,,S) depends on the 
distance of ^ to the boundary of the disc, that is to say, d{£,, S) depends of |^|. In 
this case, (|4.ip can be read as follows: 

(4.2) '5(0 = 1 or ,5(e) =lni?-ln|e| 

if 

< Id < R/e or R/e < < R, 

respectively. 

Definition 4.2. Let S = S{R;d,9), ^ G (0,006"*'^) and let n > 0. Let f € 0{S). 
We say that f belongs to £s,fi,n if 

ii/iis,M.n := Afo sup i/(Oe-''«(i + \emr\ < oo, 

where Mg denotes the positive constant given in (|2.ip and S{^), the function defined 
by (gH). 

In the above, the set S{R; d, 9) does not contain the point at the origin of the 
complex plane and, therefore, the function / is not, a priori, assumed to be defined 
at this point. From (|4.2p . one may observe that, as ^ — 0, 



1/(01 



Mo 

which implies that / can be continued to be an analytic function at ^ = 0. 

Proposition 4.1. Let S ^ S{R] d, 9), with R>0. Let f e 0{S). //limf^o /(C) = 
and f G £s,ti,n, then j G £s,fj.,n and, moreover: 

(4.3) |||||5,p,„< |||/||s.M.n- 

Proof. In view of the fact that / may be analytically continued at zero and that its 
limit value is zero, it follows that j can be continued as analytic function at ^ = 0. 

Therefore, applying the maximum principle to j on the closed disc D := D(0; R/e) 
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allows US to get ()4.3p if one checks the definition of |||-||s,Ai,n over the disc D and 
then over its complement separately. We omit the details. □ 

One can state similar properties for Banach spaces {£s,fj.,n, \\ ■ ||) as in the case 
of i? = 0. Namely, instead of Proposition 12. 11 one can notice the following fact. 

Proposition 4.2. Let S = S{R;d,9), with d G S^, 6* e (0,7r) and R > 0. If 
f e £s,^L,n and g G £s,^L,n', then f *g e £s.fi.n+n' and 

||/*g||s,M,«+ri' < ||/||S,M,« 

Proof. Let ^ G 5. For any r G (0,^), one can see that 

(4.4) 6{t,S)>S{^,S), S{^-t,S)>S{^,S), 

so that one can give a similar proof as that done for Proposition 12.11 (1). The 
details are left to the reader. □ 

With respect to the derivative of a function belonging to £s.ii,m we mention the 
following result. 

Proposition 4.3. Let S — S{R; d, 9) with R > 0. Let f G £s,tj.,n-i for some 
jj. G (OjCxDe^*'') and n>l. Then d^f G £s,fi,n and 

4 

71 e 

(4-5) mfiOU,,. < + ImI) ll/(0ll5,M,n-l- 

Proof. As in the proof of Corollary 13.11 and also that of Lemma 13.11 we write 
fiO = h{^)e'^^ and, by taking into account of (|4.3p . one can easily check that 

(4.6) \mmhf..n < I \K^^d^hmS,,,n + ||Ai/(Olls.M.n- 

Since d{() := 6{e'', S) satisfies condition (|3.3p of Proposition l3.11 one can also prove 
that, for any holomorphic function h in S{R; d, 9), if we let 

C;,,„ :=sup|/i(0(l + |^n<5(e,5)"-i| <oo, 

then the following relation holds (see the proof of Proposition 13. 2[) : 

\il + \e)6itSrCd^hm<ne'CH,n. 
Therefore, one can find that 

(4.7) \\e''kdeh(0\\s,^,n <ne^ ||e'^«/i(0||s,^,„-i, 

which, together with (|4.6p implies relation (|4.5I) and thus one ends the proof of 



Proposition [43l □ 

As application, we give the following result, that is in the same line as our key 
Lemma 13.11 

Corollary 4.1. Let S = S{R;d,9) with R > 0. Let f e 0(5). Let P{n,^) be 
a sequence of functions defined and analytic over S . Suppose that the following 
condition is fulfilled: 

max(n, |^|) 
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//P(n,^)/(^) G Ss.,tJ..n-i, then d^f e £s4L,n, d^{£_d^)f G an^d, moreover, 

the following estimates hold: 

(4.8) \m\\s,,,n<^\\Pin.Of\\s,,,n-i 
and 

(4.9) ||5je5j/||s,M,n+l < /l|5,M,n-l, 

where we set Eq — (2e^ + |/i|)C. 

Proof. Relation (I4.8P follows directly from (|4.5p and the definition of constant C. 
Furthermore, one can obtain (|4.9p from (|4.7p . by observing that 

||e5e/(e)||s,M.« < Mosup |(ne3 + |/iel)/(Oe-^«(l + ^)""'l • 

□ 

4.2. Extension to an arbitrary level fc > 0. In the rest of this section, we will 
discuss the case of any arbitrary positive level k. Indeed, the Borel summability 
requires an exponential growth of at most order one at infinity where the general 
fc-summability needs to make use of exponential growth of order k. For this matter, 
one can see [T1I31I25 1 I3T ] . 

We firstly give a version of level k for the Banach spaces {£s,iJ,,n, II • || S,/i,n)- In 
what follows, if S* = S{d, 9), we define the so-called k-ramified sector iS''-'^'' by 

^W^5«(d,0) ■■=S{ll), 

so that we may write the following 1 — 1 ramification map: 

S{d,9)3^^Pk^:=e^'' eS(''\d,d). 

More general, if / is a function given in some sector S^'^^ we will denote by pkf 
the function defined in the sector S by the following relation: 

Vee5, Pkf{0 = f{^'^')- 
Definition 4.3. Let S = S{d,9), p and n be as in Definition \2.1\ Let k > Q. A 

function f G 0{S^^^) is said belonging to the set fg^^ „ if Pk f G £s,fj.,n- In this 
case, we define: 

(4-10) \\f\\fl„^\\pkf\\s,,,n. 

In other words, one may write Sg'j^ „ as follows: 

so, it is easy to see that each {£^j^ „, || • ^ „) constitutes a Banach space. From 
(|2.7[) . we deduce the following relations: 

^S,li',n' C £s,l.,n' ll/lls,M,n — ll/Hkl',"' 

if n > n' and |^| > \p'\. 
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Let / and g be continuous functions in some sector S'^^'^ . Following [25l §2] (see 
also [3l (1.7)]), the so-called convolution product of level k of f and g, traditionally 
denoted by / *k g, is the function defined in S^''^ by the following relation: 

(4.11) Pkif *k g) ^ (pkf) * (pkg) . 

Proposition 4.4. Let S = S{d,9) and /i as in Definition \4-3\ and let n, n' > 0. 

Let fc > 0. The following assertions hold. 

(1) // / e „ and g G f^i,„,, then f *k g <^ ^s^i„+„' ^^d 

(4-12) ii/*fc.9iii;:l„+„'<ii/iiSLji5iiLl„'- 

(2) Let n' e {0,ooe-"^) such that |^| < \fi'\. If f e f^^ ^, g G Ss%,n' 
f*kge £fl,^r, 

(4-13) ll/*fc3llSv.<C,'-.ll/llg,oll5llg.,„, 

where C^'-p denotes the positive constant defined in Provosition \2.1\ As- 
sertion [H 

Proof. It follows directly from ProDOsition l2.11 by taking into account the relations 
(|iTII)) and (ICTl . □ 

Concerning the key lemma [5TT1 we mention the following generalization. 

Proposition 4.5. Let 9 e (0, tt) and S :— S{d, 9) be such that inequality I13.1\) 
holds, with k > 0. Let n be a positive integer. If (n — b ~ c^^)f £ i^^*^^ n-i' ^^c^ 

(4-14) < Mf!±M ||(n-5~ce'^)/||(';)_„ 

where a denotes a positive constant satisfying \8.1]) . 



Proof. It suffices to make use of Lemma 13. 1[ by noticing the following elementary 
relations: 

Pk[{n-b-ce)f\^{n-b-cOpkf 

and 

mpki)^\pkmf). 

□ 



We leave to the reader to translate Corollary 13 . 1 1 into the fc-level's context. 
Finally we mention that one can combine § 14.11 with § 14.21 to get an extension 
more general as follows: letting 



(4.15) S-e^) = 5('^)(i?;d,6l) := D{Q,R^/'')[J S^^\d,9), 

lay 1 

(0, ooe""^) and m > 0. 



one may then define, by an obvious way, the functional spaces £^g^^ ^ for e 
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5. fc-SUMMABLE FUNCTIONS OR SERIES WITH HOLOMORPHIC PARAMETERS 

In this section, we will begin by recalling some definitions concerning the k- 
summability of a power series in the sense of Ramis [31] , including Gevrey asymp- 
totic expansion and fc-Borel-Laplace transformation. From § 15. 2[ we will approach 
/c-summability with holomorphic parameters, this means that the fields C of com- 
plex number can be replaced by some suitable space of holomorphic functions. 

5.1. fc-summable series or functions and Gevrey asymptotic expansions. 

Let d 6 [0, 2kn) and let i? > 0, e > 0. We set: 



(5.1) 1-W(i?;d,e):={ 



d , TT 



X e C : < \x\ < R, argx - -r < 



2k 



Mind that T^C^) {R; d, e) presents a germ of open sector at having openness strictly 
larger than ir/k, contrary to the sector S^''\d,d) or S{R;d,9) or S^''\R;d,9), that 
can be viewed as germ of open sectors along whole direction d. 

Definition 5.1. A power series f :~ X)n>o ^ ^[W] •"^''^ k-summahle in 
direction d and will he denoted by f E C{x}J?, if one of the following equivalent 
conditions is satisfied: 

(1) There exist V = V^^'^-'(i?; d, e) and f G C){V) such that f admits f as Gevrey 
asymptotic expansion of order k at zero in V , in the following sense: for any 
V' = V^^\R'\d,e') with R' G (0,i?) and e' G (0,e), one can find positive 
constants C = Cy , A — Ay such that the following relation holds for any 
non-negative integer N : 



N-l 



(5.2) sup a;-^(/(x) - > a„a;") <CA^V{1 



(2) The power series 



n=0 



k ' 



fe-i 



(5^3) 4(/-i: -EF^TT^r- 

n=0 n>k ^ ' ' 

defines a germ of analytic function at = 0, saying (p, that can he continued 
in a sector S^''\d,6) with a growth at most exponential of the first order 
at infinity. In other words, (j> £ Sg^j^ o /'^'^ some suitahle S = S{R; d, 9) and 
fi e (0,006-^'^). 

If (FW(i?i;d,ei);/i) and (^('=H^2; d, £2); /2) satisfy both condition then 
fi = /2 over the intersection domain V^''\Ri;d, ei) n l^^'^) (i?i ; d, ei), that inspires 
the following definition for the set of fc-sums or, saying, k-summable functions. 
We denote by g'-''\V) C 0{V) the set of all functions possessing a fc-order Gevrey 
asymptotic expansion over V and we define Q^'J'^ as the inductive limit of the system 
g'^'^^V) taking for ah V = V'^''\R;d,e), where i? > and e > 0. Therefore, for 
any / G C{x}'^, there exists a unique / G Q'^J^'' satisfying (|5.2p . called k-sum of f 
in direction d and is denoted hy f — S^f. 

At the same time, we write f^*"' as the inductive limit of Sg'^j^ q taking over all 
S = S{R; d, 9) with R> and 9 > 0. The equivalence between and ^ can be 
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then realized by the /c-Borcl-Laplace transform in direction d (we consider only the 
case ao = a = 1 = ... = a/c-i = 0): 

where 

(5.4) Bt = pk-' o o pk, Ci = pk~^oC''opk. 

5.2. /c-summable series or functions with holomorphic parameters. The 

following definition is very close to Definition 5.1.1 given in [24j Chapitre I]; see 
also [311 §2.3] and, for a Banach space version of fc-summability, see [H Chapiter 6]. 

Definition 5.2. Let U be an open set of C™, with m > 1 and let V be an open 
sector of vertex in x-plane. A function f G 0{U x V) is said k-summable w.r.t. x 
in a direction d and will be denoted by f ^ g'^\o{U)), if the following conditions 
are fulfilled: 

• The function f can be analytically continued over U X yW(i?;rf,e), for 
some R > and e S (0, tt). 

• There exists a sequence (/n)n>o 'in C(C^) such that, for all relatively compact 
subset U' CU and every sub-sector V = V^^") (i?'; d, e') C VC") (i?; d, e), one 
can find positive constants C ~ Cu' .v and A ~ Ajjryi with the following 
property: ViV G N, 



(5.5) sup a;-^(/(z,a;)- ^/„(z)a;") <a^^r(l 



(z,x)<£U'xV' 

By interpreting 0{U x V) as being the set of analytic functions defined from V to 
the Frechet space 0{U) with the uniform norms on compacts, the above definition 
says that every / G G^l'^ {0{U)) is merely fc-summable in direction d as a function of 
one variable with values in 0{U). For any given zq G C"\ we define g''J'\o,,) the 
set obtained by taking the inductive limit of g^^\0{U)) over all open neighborhood 
U of zo in C™. 

The power series X]n>o /"('^)^" ^ satisfying (|5.5|) may be called k- 

order Gevrey asymptotic expansion of f at in V with holomorphic parameter in 
U and it will be denoted by Tx{f ) or, in short, by T{f) if no confusion is obvious. 
One can notice that if / is fc-summable in direction d, then it is also true for any 
direction sufficiently close to d and that the expansion 7~(/) does not depend on 
the choice of the direction. 

On the other hand, the space f^*^'' can extend to the holomorphic parameters 



case as follows: 4> € £^ (C'zo) there exist an open neighborhood U of zq in C™, 



a disc plus sector S — S{R; d, 6) and /i G (0, ooe *'*) such that 0(z, ■) G f l'^'' 



uniformly for all compact K d U 



(5.6) sup||0(z,-)|li':L<oo- 



We will consider only the case where J7 is a neighborhood of G C™, so that we 
may write Oo — C{z}. 

Definition 5.3. A power series 

f{z,x) ^ ai^nz'^x"' 

(£,n)GN™xN 
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is said k-summable w.r.t. x in direction d with holomorphic parameters at in C™ 
and will he denoted by f E OQ{x}'j^, if the following conditions are fulfilled: 

• For all rt e N, the series X^fgN™ '^i.nZ^ defines a germ of analytic function 
at £ N™ that will be denoted by /n(z). 

• There exists f G G'^\Oo) such that T{f) ~ J2n>Q fn{z)x''^. 

It is important to notice that in the above definition, the function / € Q^^'^ (C'o) is 
unique: it may be called k-sum of f in direction d and will be denoted by / = ^^Z- 

In the same line as in the case of fc-summable series with constant coefficients, 
we can establish the following result. 

Theorem 5.1. Let U be an open neighborhood of in C™, V = V'^^\R]d,e) with 
R > and e > and let f G 0{U x V). We suppose that the following relation 
holds for all z G U and j — 0, k ~ 1: 

JjT^ 9if{z,x) = 0. 

Then the following conditions are equivalent. 

(1) Wehave f egf\Oo). 

(2) There exists a function (j) £ f^'^^(C'o) such that f can be expressed as k- 
Laplace transform of <j), i.e.- 

/(z, x) = (p^^ oC^ o pk(f>){z, x). 

(3) For all relatively compact subset U' C U and every relatively compact sub- 
sector V — V^''\R';d,e') C V^''\R,e), there exist positive constants C = 
Cu'.v cind A — Ajjiy such that the following relation holds for all non- 
negative integer n: 

d!if{z,x) 



sup 

{z,x)eU'xV' 



71 

< CA"r(i + -) 

k 



Proof. The proof can be done by an evident adaptation, noticing that in ([2]) , </> may 
be obtained as the fc-Borel transform of %(/). See [^[5^ or, for the classical case 
of C instead of 0(U), see [31]. □ 

An immediate consequence is the following. 

Proposition 5.1. (1) The set Qj^\OQ) constitutes a differential algebra with 
respect to the usual product of functions and differential operators in (z, x) 
and, moreover, if f G Q'^\Oq) with f = T{f), then the following relation 
holds for all £ G N™ and all n G N; 

(5.7) Udtd-f) = did^f. 

(2) The set £j^^\Oo) constitutes a differential algebra with respect to the k- 
convolution product relative to ^, differential operators on z and the deriv- 
ative expressed by taking the product by Moreover, if (j), ip G £j^''\Oo), 
then the following relation holds for any £ G N™ .• 



(5.8) 5f(0*fc^)= V (7)(af^0)*,(af^V'). 



+^2=1 



ii 
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Proof. We use of the Cauchy formula of [T^ for expressing each derivative function 
d^d"/. Then, by taking into account ^ of Theorem 15. 11 we can therefore get the 
formula (|5.7p . It is similar to prove (|5.8I) . we omit the details here. □ 

5.3. Taylor expansion with fc-summable coefficients. An element of t/^'^^ (Co) 
can also be considered as a holomorphic function defined from a neighborhood of 
G C" to the Frechet space Q'^'' for which the uniform norms on relatively compact 

sectors may be considered. The same remark remains true in the case of £j^^\Oo)- 
So we can establish the following result. 

Theorem 5.2. Let d e S^, m G N*, fc e N* and consider 

/:= J2 af,„zV+'= e a;'=C[[z,a;]] . 

(«,n)GN'"xN 

For all let 

n>Q 

Then f £ Oq{x}'^ if, and only if, one of the following equivalent conditions is 
satisfied: 

(1) For all £ £ N™, fe G C{x}f, and the power series X^^gn™ '^kif^)^^ 
Taylor expansion of some function f G G^^^Oo) at z = E C™. In other 
words, it follows that, in Q'^\Oq): 

(2) The power series X^^gn™ 'f'^ Taylor expansion of some function (f> G 
£^a\Oo) atz = Q(E C™. 

(3) There exist R > 0, 9 > 0, e {0, ooe-'"^), > such that if S = S{R; d, 9), 
the power series X^gn™ II'^^IIs^)i v\i\ ■^^ Taylor expansion of some function 
G Oo; where \l\ =h + ... + C for £ = {h, ■■■ ,im)e N™. 

Proof. If / G Oo{x}'l. and / = Tf, one can express 9f/(0) by Cauchy formula; 
in view of (j5.5p . we obtain that fi G C{a;}^ and, furthermore, fi — S'^fi, which 
implies the above condition ([T]). 

One can get the second condition from the first one by making use of formal 
/c-Borel transform w.r.t. x in the Taylor expansion of 5^/. 

Condition ([3]) can be deduced from (U) by merely noticing the fact that, for any 

m>Q, ||0£||s,/i,m < ll0dls,M:O- 

By assuming condition ([3]) and by replacing S* by a more smaller sector S' — 

S{R']d,9'), one may suppose that X^gn™ II'?^^IIs'''aj o -^^ ^ Therefore, ap- 

plying /c-Laplace transform yields the fc-sum of /, which ends the proof of Theo- 
rem O □ 

Remark 5.1 (Convention for notations). In Part\^ instead of z we will write 
t, so that the set Oq will be merely C{t}. When k = 1, we will remove the index (k) 
or k from all spaces considered above, e.g., we will write Oq{x}'^, Gd{Oo), £d{Oo) 
instead of Oo{x}f, Gj^^Oo), £j^\Oo), respectively. 
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Part 2. Summability of formal solutions of singular partial differential 
equations 

Let us consider the Cauchy problem (|1.3p . that is introduced in the beginning 
of the paper as foUows: 

tdtu = a{x)t + h{x)u + x^^^ c{x)dxU 

i+j+a>2 

where we suppose that a[x), b[x), c{x), ai,j^a{x) are holomorphic at a: = G C and 
that c(0) ^ and fc > 1. 

In this part, we shall use the results of Part 1 to study the problem (|1.3|) . In 
Section [6l it will be shown that for any equation (|1.3|) with the condition [F) can 
be regarded to have such form that the term d^u appears always as xdxu; see the 
equation (j6.2l) below. This preparative form will be used in Sections [7] and [51 for 
the proof of Theorem 11.11 

In Section m the condition (F) will be not necessarily satisfied and some trans- 
formations will be undertook to be able to apply Theorem 11.11 or its generalization 
Theorem 18.11 In particular, such transformation can be chosen to be analytic for 
semilinear cases; see Theorem 19.11 Section [TU] is devoted to a particular study of 
nonlinear equation (jl.5|) in which the condition (F) will be not satisfied. 

6. Analytical equivalence under condition (F) 

Remember that condition (F) requires the following property: 

(F) 6(0) ^ N* = {1,2,3, ...} and a,,^- „(0) = 0, V a > 0. 

If 6(0) e N*, this is often called resonance case, and the equation ()1.3|) may have no 
power series solution. So, we will always assume that 6(0) ^ N*. In this case, 
it is easy to check that the equation ()1.3p admits a unique power series solution 
that one can put in the following form: 

(6.1) u{t, x) uo{t) + ui{t)x + U2{t)x'^ + • • • , 

where, according to [5j Corollary 2.2], the coefficients functions u„, n 0, 1, 2, • • • , 
are all analytic in some open disc centered at t = in t-plane. Since u(0, x) = 0, it 
follows that it„(0) ~ for all n > 

Proposition 6.1. Consider the Cauchy problem (|1.3p . with k>\. If the condition 
{F) is satisfied, then there exists a function v{t,x) holomorphic at (0,0) £ such 
that if the solution u is replaced by v + xu, the equation (jl.3p can be rewritten as 
following form: 

tdtU = a{x)t + b{x)u + c{x)x^^^dxU 
^"^■^^ + E ~a^,JA^)t'u3{x^xuY, u(0,x)=0, 

i+i+a>2 

where a, b, c and Oij^a o,fe holomorphic at £ C, 

(6.3) 6(0) = 6(0), c(0) = c(0), 
and 

(6.4) val{d) > fc, val{difi^o) > k for any i > 2. 
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Proof. Assume that aij.a{0) — for all a > and let u{t,x) be the power series 
solution of (|1.3|) given in (|6.ip . Let £ > 1 as a integer and set 

(6.5) v{t,x) = uo{t) + ui{t)x + U2{t)x^ + ... + Ui{t)x\ 

that is clearly holomorphic at G and v{0,x) = 0. If we make the change of 
unknown function u — v + xw in (|1.3|) . then by a direct computation, we can find 
that w satisfies the following partial differential equation: 

xtdtw = ai (x, t) + bi {x)w + x^^"^ c{x)dxW 

+R{t, x,v + xw, dxV + w + xdxw), w(0, x) = 0, 

where 

R{t,x,X,Y)= J2 a,.jA^)t'X^Y'', 

i+j+a>2 

ai{x, t) — a{x)t + h{x)v + x'^c{x)dxV — tdtv 

and 

hi (x) = x[b{x) + x^c{x)) . 

From (|6.5p and the fact that UQ{t) -\- ui{t)x + U2{t)x'^ + ... satisfies the equation (II. 3p 
terms by terms, one can easily see that 

ai(x, t) + x, V, dxv) = x^^^tg{t, x), g £ C{t, x}. 

Expanding the difference 

R{t, x,v + xw, dxV + w + xdxw) — R{t, x, v, dxv), 

one conclude the proof by choosing the integer £ > k and setting that 

d{x) = x'''g{0, x), b{x) = b{x) + x^c{x). 

□ 

From Proposition 16. 11 one has following remark. 

Remark 6.1. If the condition (F) is satisfied, then the equation (jl.3p is analytically 
equivalent to following equation of the form: 

tdtu = a{x)t + h{x)u + c{x)x^^^ dxU 
^^■^^ + E a,,3Ax)t"u^i.dxuY, u(0,x) = 0, 

i+j+a>2 

where a, b, c and Oi^j^a are all holomorphic at £ C and 

6(0) ^ 6(0), c(0) = c(0), Ma»j,a) > a, Va > 0. 

Observe that, the same result holds even if the condition (F) is weakened as 
following condition: 

(F') 6(0) ^N* and waZ(a,j- „(0)) + > 0, V a > 0, 

where q = min{val(ai_o,o) : * > 2}. Indeed, if the condition (F') is fulfilled and 
g > 0, then there is no constant term in the power series expansion of the formal 
solution u of (jl.3p in the variable x. One may therefore write u(t, x) — xw{t, x) 
in (|1.3I) and deduce easily that the condition (F) is then satisfied for the obtained 
equation on w; so one can get an equation of type (|6.6I) by using the required 
analytical transformation. 
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Comparing with the condition (F), the condition {F') holds notably in any case 
where we only need the conditions 6(0) ^ N* and val(ai o q) > for the equation 

6.1. Extension to case where coefficients are given in a sector. In this 
subsection, we shall consider the equation ()1.3|) again with the right hand side 
function F{t,x,u,v) to be only analytic in D x V x D x D, where D is an open 
disc centered at S C and = {a; G C : < arga; < 6*2,0 < |a;| < R} is a 
germ of open sector of vertex at £ C. Also here we suppose that the function 
F(t, X, u, v) admits an asymptotic expansion for x — >■ in V, i.e. there exists a 
sequence (F„)„gN of elements of 0{D^) such that 

JV-l 

F{t,x,u,v) ~ Fn{t,u,v)x" = 0{x^), V7V e N; 

n=0 

(cf. [Ml §1] for the definition of an asymptotic expansion with holomorphic param- 
eters). In this case, the function F can be expanded again as follows: 

(6.7) F{t,x,u,v) — a{x)t + b{x)u + 'y{x)v + ^ aij^a{x)fu^v"' , 

i+j+a>2 

where for the functions a{x), 6(x), j{x), ai.j^aix), all belonging to 0{V), each of 
them has an asymptotic expansion as a; — in V^. In order to interpret the condition 
(F) in this case, we adopt the following natural extension of the valuation at G C 
for an element / G 0{V) : if / admits an asymptotic expansion fo + fix + f2X^ + ... 
for a; in t^, then: 

val(/) = sup{n G N : /o = ... = /„-i = 0, /„ ^ 0} . 

We can therefore notice that val(/) = oo if and only if / is infinitely flat as a; — > 
in V. 

Remark 6.2. Let F be a function given as in ()6.7|) and let 

fc = m;(7) - 1 > 1, c(.t) = 7(x)/a;'=+\ 
// lim b(x) ^ N* and val{ai,j^a) > for all a > 0, then there exists a function 

v{t,x) which is holomorphic at (0,0) G such that under the transformation of 
the unknown function u by v -\- xu, then the Cauchy problem 

(6.8) tdtu — F{t,x,u,dxu), u{0,x)—0 

can be deduced into the form (|6.2|) . Here we use the same notations as that in 
Proposition \ 6.1[ where the functions a, b, c and aij_a cire all holomorphic in V 
and possess each an asymptotic expansion at 0, and condition ()6.3p may be read as 
follows: as X ^ in V , 

lim b{x) — lim 6(a;), lim c(a;) = lim c{x) . 

X^O X— !-0 X— !-0 X— !-0 

Indeed, the proof of Proposition 16.11 may be easily adapted, by considering the 
following fact: The equation (j6.8p has a formal solution u G C[[t, x]] and, moreover, 
one can prove that ii G tC{t}[[x]]. 

The situation of Remark 16.21 will be discussed in subsection 18.21 for the summa- 
bility of the solutions. 
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7. Proof of Theorem 11.11 in case of fc = 1 

In case of A; = 1, the corresponding /c-summability becomes the classical Borel 
summability. See Remark |5. II for convention of notations. 

Observe the Borel summabihty of a power series solution of any analytic ODE or 
PDE may be obtained by studying, in the Borel plane, the convolution functional 
equation obtained from the given equation. We will apply this idea to the Cauchy 
problem (|1.3p and then to prove, for every suitable direction d, the existence of 
solution in £d{Oo) for the transformed equation; see the equation (j7.3p below. 

Let us assume (II. 3|) to be given in the form (|6.2|) with conditions (16.31) and (|6.4I) , 
so that the power series solution in (|6.1[) starts from the first order term ui{t) w.r.t. 
X, that means 

(7.1) U{t, x) = Ui{t)x + U2it)x'^ H h Un+lit)x''+^ + ■■■ . 

In order to simplify the notations, instead of d{x), 6(x), c{x), aij^k{x), we will write 
a{x), b{x), c{x) and Uij^kix). 

Let u{t,£,) = B{u){t,£) be the formal Borel transform with respect to x of the 
power series solution u{t, x) in (17. ip : 

(7.2) nit, 0^u,it) + ^^ + ... + + ■■■■ 

1! n\ 

According to Theorem l5.2l we can reformulate Theorem 1 1.1 1 by the following state- 
ment, where SDb c-i will denote the set given by (|1.4p for k = 1. 

Theorem 7.1. For any direction d G that does not belong to SDb c-i, we have 
u G Oq{x^'^ or, equivalently, u e Ed{Oi^), where Oq — C{i}. 

The rest of the section will contain three subsections. In ii7.1l we will establish 
the convolution product differential equation which is satisfied by {t(i,^). In §7.2| 
we apply Proposition 12.11 to get a contraction mapping and therefore the Banach 
fixed point theorem can be used. We will complete the proof of Theorem 17.11 in 
i i7.3l which concludes the proof of Theorem 11.11 in the case oi k — 1. 

7.1. Convolution product differential equation. By making use of the follow- 
ing relations: 

m{x)g{x)m = B{m) * B{gm, B{x^d,u){t, = 0{u){t, 0, 

and 

B{xd,u){t,o - d^{^B{u)){t,o - m + ^mu){t,o, 

from (j6.2|) one obtains that ■u{t,£^) satisfies the following convolution product dif- 
ferential equation: 

{tdt - (6 + cO)u = A{C)t + 5(0 * u + CiO * m 

^^■^^ + E t^K,.„(C)*r^*(a^^z2)*" + B,,,>*^*(9^^7i)*"]. 

i+j+a>2 

Here, * denotes the convolution with respect to the variable 

b = b{0), c = c(0) =a,,,,„(0) 

and the functions A, B, C, Aij^a are the Borel transforms respectively to following 
functions: 

a(x), b{x) - 6, c{x) - C, Oi^j^aix) - Uij^aiO) ■ 
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By the condition (|6.4|) . one can notice that i3i,o,o = 0. 
If we write 

(7.4) u{t,0 = Y,<iOt", 

n>l 

then each coefficient Un(C) satisfies a functional equation of the following form: 

(7.5) {n-b~ c^UniO - B{0 * u,,iO + 0(0 * (e^„(0) + Fn{£.), 

where Fn{^) only depends on Um and £,d^Um for m < n — 1. Notice that the function 
ill is merely solution to the following equation: 

(7.6) {1-b- cOMO = B{0 * MO + c{0 * i^MO) + MO ■ 

7.2. Contraction mapping in Banach space. Since the function F{t, x,u,v) 
appeared in (jl.Sp is assumed to be holomorphic at G C^, its Borel transform 
w.r.t. X, saying {BF){t,S^,u,v), can be seen as an element of Cid^s^^diOo) with 
Oq ~ C{t,u,v}. Therefore, for any sector S = S{d,9) with 6 < 7r/2, there exists 
fiQ e (0, ooe^"^) such that the following condition is satisfied: 

(7.7) A,B,Ce £s.^.o.o and ^ „||s.^o,oi''"^«" e C{t,u,v} . 

i+j+a>2 

Lemma 7.1. Let S = S{d,9), 9 e {0,n/2), a > and £ (0, ooe^''^) be such 
that the conditions (j3.1l) (with k — 1) and (17. 7p are satisfied. Let /i G (0, cxdc^*'^) 
with 

(7.8) ImI = l/^ol +8(aA/ocos(0))"^||S|| 

If Fn G £s,ij,,m for ni > 0, then the equation ( [7.5[ ) has a unique solution Un G £s,fj.,m 
and 

(7.9) IK" - & - cOM„||5,p,m < 2||F„||s,p,m. 

Proof. Let 95(^) = (n — — c^)'^n(C): and consider the mapping 

r:^^Bio*-^^ + cio*^^ + F^iO. 

n — b — cE, n — b — ct, 

Since B, C e £s,f^o,o and £s,p.,m C £s,^i',rn' if |mI < Im'I and m < m' (cf. (1777)) 
and (|2.7p '). By taking into account Proposition 12.11 and following relations, both 
deduced from the condition (13.11): 



1 1 ICI 1 

< - . -. — r < 



\n — b — cS\ (T ' |n — 5 — c^l a 

then the mapping 7", as defined above, is a mapping: £s.^i,m £s,p,,m- Thus, 
by using Proposition 12.11 and from the definition of /i, one has that, for any pair 
{(p,-ip) G £s,tj.,rn X £s,tj.,ni„ the followiug estimate: 

\\T(p - T^lls.M,™ <^\\'f- V'lls.At,™ ■ 

Hence, from the Banach fixed point theorem, the equation (j7.5p has unique solution 
Un such that {n — b — c^)un{0 ^ £s,fi,m- Moreover, the successive approximation 
process shows that 

\\{n-b- c$)m„(C)||s,m,™ ^ 2~^||(n - 5 - c^)m„(01Is,m,™ + \\Fn\\s.,tJ..m, 



which implies the inequality ()7.9p and therefore completes the proof of Lemma l7.1l 

□ 
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7.3. Proof of Theorem [mi 

Proof. First, by induction on n, we can deduce that {t„ g £s,ti.n-i- In fact, applying 
the result of Lemma mi to the equation (|7.6p . one has that ui G Ss,tJ.,o, and then, 
from the result of Lemma |3.1[ we have that d^£,ui G £s,p,,i- 
Secondly, let 

(7.10) Yi max{||ui||5^p^o, ll^j (^""1) ||s,p,i} < oo- 

Expanding all terms of the equation (j7.3p as power series of t and by using the 
result of Proposition 12.11 several times, one can find that, in (|7.5p . the function 
F„(f) satisfies the following estimates: 

i+j+a>2 i+|h| + |m|=n 

where h e N*^, m e N*", |h| = /ii H \- hj, |m| = mi H h nia and 

(7.11) ^i,j,a = \Bij^a\ + \\Aij^a\\s,tJ.,i+j+a-2 , 
3 a 

Uj,h = n \\uhMs,^i,hi,-l: = n ll^?(?"m,)|!s,M,m,-l • 

e=i 1=1 
Indeed, we may notice that 

i + j + a-2+{hi-l)-\ h (ft-j- - 1) + (mi - 1) + h (m^ - 1) 

= i + j + a-2+\h\ + \m\-j -a 
= i+|h| + |m|-2, 

which shows that the condition for the indices n, n' is satisfied as required in the 
relation \\f * g\\s,t^,n+n' < \\f\\s.,tJ..n\\g\\s,ti,n' as that of Proposition O 

At the same time, for any n > 2, since ||Mn||s,^,n-i < ||Mn||5,^,n-2, from p.ip 
(with fc = 1) and Lemma 1 7. 11 we obtain: 

||u«||s,M,n-l < IW^^in ~ b ~ C^)Un\\s.f^.n-2 < '2a-~^\\Fn\\s,f^,n-2- 

Therefore, combining Lemma l3. II with Lemma l7. II vields: 

\m^Un)\\s,t.,n-l<2{E + a-')\\Fjs^t.^n-2- 

Next, let Y{t) be the solution of following analytical functional equation: 

(7.12) Y = Yit+- y W,jat'{2a-^Yy {2{E + <j-^)Y)°', 

i+j+a>2 

with y(0) = 0, where Y\ and Wij^a are defined by (|7.10l) and (|7.1ip . respectively. 
From (|6.4p and the definition of Ai, j^a and i?i,j,Q, it follows that Wi^o.Q — for all 
i > 2. Applying the implicit function theorem to the equation (|7.12p we can deduce 
that Y{t) is analytic function at i = G C. So we rewrite Y{t) as a power series: 
Yit) := J2,i>i Ynf^, thus we have 

(7.13) -^Yit+^Yl \\Pn\\s,^.,n-2t" « Y{t), 
n>l n>2 

which implies that 

^IKIIs,^,n^ii"eC{i}. 

n>l 
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Since 

n>l n>l 

then from Theorem 15.21 ([3]) , Theorem 17.11 is proved. □ 

8. Theorem 11.11 AND comments 

In this section, we wih give the proof for our main result Theorem 11.11 for ar- 
bitrary level fc > 0. Comparing with the situation of A: = 1, the difference here, 
instead of the Borel transform B, we shall use the composite transform B o pf^ . 

In ^8.21 Theorem ll.ll has been extended to the case of equations whose coefficients 
are assumed to be fc-summable in suitable directions. This extension will be useful 
in next section while the condition (F) will be not satisfied. In we will only 
discuss the Stokes lines, although a more complete work on Stokes phenomena 
sounds interesting. 

8.1. End of proof of Theorem [TTTl 

Proof. Let k > 1 and the equation (|1.3p has been transformed to the form of (|6.2p . 
For simplifying the notations, instead of a(x), • • • , Uij^aix), the coefficients are still 
denoted by a{x), • • • , aij_a{x), and b = b{0), c — c(0). From the condition (|6.4p we 
know that all the coefficients a{x) and ai^ofi{x), i — 2, • • • , belong to x'^ C{a;}. It 
follows that the formal solution u{t,x) belongs to x'^tC{t}[[a;]]. 

Let u{t,^) be the fc-Borel transform of u{t,x) w.r.t. x] as before, we write 

n>l 

So, in view of Theorem 15.21 ([3]), we may complete the proof of Theorem 11.11 bv 
checking the following statement: 

For any direction d ^ SDb^cjc, there exist S — S(R; d, 9), R > 0, 9 E (0, tt/ {2k)) 
and /i G (0, ooe~"') such that the following relation holds: 

(8.1) Ell^"llSLni"eCW- 

n>l 

Indeed, we may write u(t,^) = B o pi;u{u^^), where pk denotes the ramification 
operator of order k introduced in § 14.21 From the equation (j6.2p . we know that u 
satisfies following functional equation: 

{tdt - (fe + c^))u = A{Ot + B{0 * u + CiO * (k^u) 

+ E [AjAO * * (kd^^u)*'^ + B^,j,a.u*^ * (kd^^u)*'^] , 

i+j+a>2 

where, similar to the equation (j7.3p . the functions A, B, C and Ai_j^a are obtained 
by applying successively pk and B to each of a(x), h{x) — b, c{x) — c and aij^aix) — 
o-i,j,aiO), respectively. Therefore, the proof given in i j7.3l mav be easily adapted to 
prove (|8.ip . which implies the proof of Thcorem ll.il □ 



NAGUMO NORMS AND SUMMABILITY OF SINGULAR PDES 



27 



8.2. Case of /c-summable coefficients in equation ()1.3p . Let us come back to 
the initial value problem (|6.8p . where the function F is only assumed to have an 
asymptotic expansion for x approaching to zero in a sector of the complex plane. 
If we suppose that F e Oo{x}'l for some direction d G S^, with Oq = C{t,u,v}, 
then, in the expression (|6.7p . the coefficients a(x), b{x), 7(2;), aij,a(x) belong to 
G^^', see Theorem l5.2l pT). We may therefore assume the function F to be given for 
any x in some open sector ^('^^(i?; d, e) defined by ()5.ip . for a suitable R > and 
ee (0,^). 

Theorem 8.1. Let F be given as in (|6.7p and k-summable w.r.t. x in direction 
d with holomorphic parameters at {t,u,v) = G C'^. // lim.^_j.o 6(a;) = b ^ N* , 
lim^r^o 7(x)a;'^^^ = c and d ^ SDb.c;k, then the problem ()6.8p admits a unique 
solution in OQ{x}f.. 

Proof. According to Remark 16.21 and from (|6.8p , we get an analytically equivalent 
equation of form (16. 2p . Follow the proof of Theorem 11.11 we can obtain the k- 
summability in direction d of the unique formal solution for this equation, and, by 
applying the fc-Laplace transform, we can then construct a solution which satisfying 
the condition of Theorem 18.11 

The uniqueness of the solution can be deduced from that of the formal solution 
and that of fc-sum function. See Theorem 15.21 and Theorem [Ol here. □ 

8.3. Singular directions and Stokes phenomenon. In this paragraph, we only 
discuss the case of fc = 1, and the general case can be easily deduced by the help 
of the ramification operator of level k. For any positive integer n, we set: 

in " ^ ^ , d„ = arg^„, L„ := [^„, ooe'''") 
and we consider the simply connected domain r2„ defined by the following relation: 

•= C \ U"_]^L„ = \ Ln ■ 

By convention, we write: 

riQ = C, iloo = ^e>i^i ■ 

By taking a determination of the complex logarithm over C\ [0, 00), all functions 
log((^ — will be defined over fti once £ > n. We notice also that d ^ SDi,,c:i if 
and only if, there exists 6 > such that S{d,d) C ftoo- 

Definition 8.1. Let fl = fin, n e N U {00} and d e and let f e 0{fl). 

• We say that d is a proper direction in D, if there exists 9 > such that 
S{d,9) c n. 

• The function f is said to belong to f (51) if f € £d for any proper direction 
d infl. 

When 17 = C, the set £{C) is merely the space of entire functions possessing 
at infinity a growth of at most first order. Observe that, in (17.61) . all functions A, 
B and C belong to £{C), one can see that the only singular point for ui may be 
^ = ^1 and, by this way, one can analyze the location of singularities for other Un- 
This idea can be realized by the help of the following lemma. 
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Lemma 8.1. Let n be a positive integer and let B, C and F e £{fln-i)- Then the 
following convolution equation: 

(8.2) (e - ^n)m - B * v(e) + c * mio + f{0 , 

admits a unique solution ip in £{fln) such that, for ^ — )■ ^„ in il„, ^p can be written 
in the following form: 

(8.3) m = t\- E ^™(^) - ^"))'" ' 

^ ^" m>0 

where Am G £{^n~i)- 

Proof. Since for any {£,m) G N^, we have 

^ ^ ^(^ + m + l)!^ 

It is easy to check that a unique germ of analytic function ^ may be found near 
^ = as the sohition of the equation ()8.2p . Moreover, one can carry out analytic 
continuation process at each point of f2„ to find that the solution -0 exists over the 
whole ri„. 

At the same time, by Lemma FTT] we can obtain that if} G £(17„). In order to get 
(|8.3p . we may apply the so-called perturbation method to the equation (|8.2p . more 
details of the proof can be found from Appendix [A] □ 



The result of Lemma 18.11 can be used to analyze Stokes phenomena, we hope to 
return to this problem in a future work. 



9. Some results without Condition (F) 

This section is devoted to some discussions while the condition {F) is no longer 
satisfied. In ii l9.1[ the equation (|1.3p will be assumed to be linear in dxU, that means 
that aj j-^Q = for all a > 1. In this case, we will show that an analytic change of 
variables permits to reduce (|1.3p into the form of (|6.2p , in which Theorem 11.11 can 
be applied (cf. Theorem 19. 1 1 here) . 

In ? 19.21 a singular transformation {t,x) i— (t/x,x) can be used to study more 
general Cauchy problem (jl.3p in which we only suppose the formal solution exists. 
Thanks to this change of variables, it will be shown, in Theorem 19.31 that the 
problem (|1.3p admits always a solution which is analytic in any suitable conical 
domain of the form {(i, x) g C x V^^\R] d, e) : < \tx\ < R}. 

9.1. Semilinear cases. Let us consider the Cauchy problem (ll.3|l again with the 
conditions Oij^a = for all a > and j + a > 2. Then wc have following semilinear 
problem: 

(9.1) tdtu = ai{t,x)t + a2{t,x)x''+^dxu 

-\-a^(t,x)tdxU + g{t,x,u), u{Q,x) — 0, 

where aj{t,x), 1 < j < 3 and g{t,x,u) are holomorphic at G or e C'^, 
respectively. Moreover, without loss of generality, we can suppose that 5(0, x, 0) = 
9t5(0, x, 0) = 0. 

Observe that, for the equation (|9.ip . the condition (F) is satisfied if and only if 
(i3{t, 0) = 0. Thus we have 
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Theorem 9.1. Consider the equation (j9.1|) . ifk>l, 02(0, 0) ^ and 03(^,0) ^ 0, 
then there exists a holomorphic function f{t) at t = with /(O) = 0, such that 
under the variable transformation, i.e. the variable x being replaced by x ~ .fit); 
the equation (j9.ll) can be reduced into the form of the equation (j6.2p . 



Proof. Let / be a solution of following nonlinear Fuchsian equation: 

(9.2) ty'{t)^a2it,-y{t))y''+Ht)+a3it,-y{t))t, y(0) = 0. 

Then according to Maillet-Malgrange Theorem [53] , the problem (|9.2p has a unique 
analytic solution at t — 0, thus the solution / is a analytic function at t — with 
/(O) = 0. If we set 

(9.3) z^x + f{t) and w{t, z) ^ u{t, z - f{t)), 
then we can rewrite (j9.ip into the following form: 



w 



(9.4) tdtw + tf'{t)d,w = ai{t, z)t + a2{t, z){z - f{t)Y+^d., 

+a3{t, z)tdzW + g{t, z - f{t),w), u;(0, z) = 0, 

where, for i = 1, 2, 3, we write ai{t,z) = ai{t,z — f(t)). Then the equation (|9.4I 
becomes: 

( tdtW — ai{t, z)t + a2{t, z)z^^^dzW + G{t, x, w, zdzw), 



w{0,z) = 0, 



(9.5) 
where 

k 

G{t, X, w, zd.w) = a2{t, z) V -J^±^^ fi{t)z^-i {zd.w) 

]\[k + 1 - j)! 

asit^z) -03(^,0) 

t [zd^w) + g{t, z - f{t), w) . 

z 

One can then complete the proof, by checking that (|9.5I) is a particular case of the 
equation (j6.2l) . where x and u are replaced by z and w, respectively. □ 

Since 03 (t, 0) / 0,, and from the equation ()9.2p . one has val(/) — val(a3(i, 0)t) — 
q > 0, then the result of [5 implies that u(t,x) G C[[t, a;]]i/(qfc) i/^. Moreover, let 

00 n 

fit) = E /mi", Pn{t) = ^ 9) 

m—q m—q 

and let u{t,x) be the formal solution of (|9.1I) . If we consider the n-th modified 
formal solution u{t,x — Pn{t)) '■= Wn{t,x), then one can find that Wn{t,x) G 
C[[t, x]]ifkq„,i/k, where qn = va\{f{t) — qn{t)) > n. When n — 00, formally we have 
that Wn{t,x) w{t,x) e C{t}[[x]]i/fc, thus by using the result of Theorem 11.11 
w will be /c-summable with holomorphic parameter at in almost all direction of 
x-plane. 

In order to obtain the analytic solution of the equation (|9.ip . we let 

asit, 0)t = pt^ + 0(g«+i), (3^0, qeN* 

and define: 

y{q,m {R-d,e):=!^{t,x)GD{0;R)xC:j+xe V^''^ {R; d, e) | , 
where V^''\R;d,e) is defined by (UTTll . 
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Theorem 9.2. For any direction d ^ {2j7r — arga2(0, 0), j = 0, 1, 2, • • • , fc — 1} and 
i? > 0, £ > sufficiently small, then the equation (19. ip has a solution u{t,x) which 
is analytic in the domain V^'^'^''^\R;d,e). 

Proof. It follows from Theorem 19.11 In this case, we can apply the result of 
Theorem 11.11 to the power series of the solution w{t,z) — u{t,z — f{t)), with 
f{t) = /I3 + 0{t'^^^). Thus one can complete the proof of Theorem 19.21 bv using 
the result of Theorem El O • □ 

We may notice that z = is the singular surface of the solution w{t,z), that is 
to say X = —f{t) is the singular surface of solution u{t,x). In fact, one can prove 
that {t,—f{t),u{t,—f{t)) is the characteristics of the equation (|9.ip . Namely we 
have following remark. 

Remark 9.1. For the semilinear singular equation (|9.1|) . the singularity at the 
origin propagates along the characteristics of this singular PDEs. 

9.2. General cases. Instead of holomorphic transformation (|9.3|) . we introduce 
the following singular transformation; 

(9.6) T — w(t,x) — u(xT,x) , 

X 

thus we have following obvious relations 

(9.7) tdtu — rdrW, xdxU — xdxW — rdrW. 

Theorem 9.3. Under the only assumption that 6(0) ^ N*, then there is a unique 
formal solution u{t,x) for every equation (|1.3p . // we set w(t,x) = u{tx,x), then 
w{t, x) is k-summable with holomorphic parameter t at Q in all directions of the 
x-plane except at most a countable directions as those given in Theorem ] 1. 11 

Proof. The existence and uniqueness of the formal solution can be directly verified 
by the elementary computations. In fact, if one puts J2n>i''^n{x)t"' in both sides 
of the equation (|1.3p and then identifies all coefficients of t" to get Un(x); so, 

oo 

u{t,x) = J2 'Un(x)t" will be the formal solution of the equation (|1.3I) . Next, for 

n=l 

each coefficient u„ which will satisfy a ODE, thus, by induction on n, we can prove 
that for any given positive integer n, u„ is fc-summable in all direction except at 

/ (k) 

most for n directions of a;-plane. Given a direction d ^ DSb,c:k, let u„ G be 
the fc-sum of u„; replacing M(t, a;) hy ui{x)t + U2{x)t'^ + t'^u{t,x) may transform the 
equation (|1.3p into the following form: 

(9.8) tdtu = a{x)t + h{x)u + c{x)x^+^dxU + h(x)tdxU 

+ ^ aij^a{x)fu^{tdxu)°', u(0,x) = 0, 

i+j+a>2 

where a(x), aij,a{x) belong to S^*^"*. Moreover, the right hand side in (|9.8p can 

be written as F(t, x, u, dxu) with F G 5^'^^(Oo), where Oq = C{t, u, dxu}. 
From the relations (|9.6p and (|9.7p . the equation (|9.8p becomes that 

rdrW = a{x)xT + b{x)w + c{x){x''~^^dxW — x^rdrw) 

+ h{x){xdx'W ~ TdrW)T + a.ij^a{x){xTy W'' (rxOxW — t'^ drw)"' . 

i+j+a>2 
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By implicit function theorem, this equation can be rewritten as a partial differential 
equation such as tOtW ~ F(T,x,w,xdxw) and then the proof of Theorem 19.31 can 
be deduced directly by the result of Theorem 18.11 □ 

Applying the result of Theoreni l5.2l ([2]) we have following corollary, which implies 
Theorem 11.31 is true. 

Corollary 9.1. If b{0) ^ N*, then for any direction d ^ SDi,,c-k, there exists a 
sector V^^*^-* (i?; d, e) with R > and e > 0, such that equation (jl.Sp has a solution 
u{t,x) which is analytic in the domain G C x f*^^ (i?; c?, e) : \t\ < 

Proof. By using fc-Borel-Laplace transformation, one can construct an analytic so- 
lution from the formal power series w(t, x) of Theorem l9.31 see Theorem l5.2l (l2|). □ 

10. Theorem 11.21 and summability in both variables 

In the previous section, the proofs of Theorems 19.11 and 19.31 depended on the spe- 
cial changes of variables, in which we can use the idea in the proofs of Theorem ll.il 
and Theorem lS.ll to get the results. In this section, we shall study a kind of different 
nonlinear singular equation (|1.5|) . in which the condition (F) is not satisfied. Here 
we shall give the proof of Theorem 11.21 

The nonlinear singular equation ()1.5|) is a quasilinear equation with anticipative 
factors, we shall discuss this problem in § 110.11 The proof of Theorem 11.21 will 
be given in § 110. 2[ which depends on Maillet-Malgrange Theorem [23] and some 
nonlinear Fuchsian ODE with coefficients in Gevrey class. 

10.1. Formal anticipative aspects. Suppose the coefficient a{x) of the equation 
(|1.5|) . satisfying a{x) ~ ao + aix + a2X^ + .... Also we expand the unknown function 
u{t,x) as the form UQ{t)x + ui{t)x'^ + then from the equation (|1.5|) . we have 
following relations (for all n > and u_i(t) = 0): 

n+l 

(10.1) tdtUn{t) = ant + {n - l)u„-l(t) +t^e{n + 2~l) Ui{t) Un+2~l{t) , 

e=i 

In some sense, this system may be called to be anticipative., that is to say, to 
determinate the term Un(t) we need to know the term Un+i{t). 

Since u(0, x) ~ 0, it follows that u„(0) — for all integer n; thus one can deduce 
from (fTOTj) that 

(10.2) 5tu„(0) = a„ -I- (n - l)9tw„_i(0), 2dfuni0) = (n - 1)52m„_i(0) 
and so on • • • . 

Proposition 10.1. For sequence Un{t), given in (|10.1|) . with initial condition 
Un{0) — for all integer n, then the following relations hold for all positive in- 
teger m and all non-negative integer n: 

(10.3) a2'"u„(o) = o 

and 

n+l rn-l /9 ' _|_ 1 \ 

(10.4) 9^+iu„(0) = E E + 2 - ^) 2„ ' 
where 
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Proof. From the formula (|10.2p . we can deduce the formula (|10.3p for m ~ I. Also, 
by a dhect computation, we can get the proof of (|10.4|) for m ~ 1. Next, by 
induction on m for m > 1, we can use the operator or d^"^ on both sides of 

(jlO.ip . which wiU deduce the required formulae (I10.3P and (|10.4p . □ 

From Proposition 110.11 we may notice that the formal solution u{t, x) belongs 
to the space iC[[t^,x]], which leads us to introduce the following transformation: 

(10.5) s = t^, w{s,x) = tu{t,x) , 
thus equation (jl.Sp becomes 

(10.6) 2sdsW = a{x)s + w + x'^d^w + {d^wf, u;(0,a;)=0. 

Furthermore, the relations (|10.2p and (|10.4p imply that, if we set w{s, x) — wo{s) + 
wi{s)x + then: 

(10.7) dsWniO) = a„ + {n~ l)a,w„„i(0) 
and, for m > 1, 



/ino\ 2m + l '^'^i{n + 2-£) 



where 

■ ^ a^+i^;,(0)ar'^'^»+2-£(0) 
(j- + l)!(™~j)! 

By induction on m, one can express each term d^'^^WniO) in terms of ds'Wj{0) for 
0<j<m + n+ l. 

Proposition 10.2. Equation (|10.6p admits a unique formal solution w(s,x) anc? 
the Gevrey order ofw{s,x) is exactly (1,1). More precisely, if we set w{s,x) — 

n>0 ^fn.n^ ^ ; then 

Biiw{s,x):= y ^s"'+^x^ eC{s,x} 

m , n > 



and Bi^iw{s, x) is divergent if either \s\ > 1 or |a:;| > 1 and s ^ 0. 

^m>0 '^m.nt 



Consequently, if Wn{s) = I]m>o ^'","*™^^' ^^^'^ ^ C;[[s]]i. 



Proof. A direct proof can be deduced by using the relations of (|10.7p . (jlO.Sp and 
a™+iu;„(0) = (m + l)!w™,„, and the idea of 0. □ 

10.2. Proof of Theorem 11.21 It is easy to see that Theorem 11.21 is equivalent to 
following result: 

Theorem 10.1. Let w{s,x) — X]m>o ^'"(■^)'^™^^ unique formal solution of 

equation (|10.6p . // we set 

W[a,x) :=^^a™GCW[M], 

m>0 

then for all direction (i G \ {0}, it follows that W{a,x) G C{x^'^{Oq), where 
Oo = C{a}. 
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Proof. Let Wn{s) be as given in Proposition 110.11 we may observe that 

2sdsWo ~ a{0)s + u)o + wf. 
Therefore, replacing w by wo{s) + wi{s)x + w in (fTa6|) yields that 

(10.9) 2sdsW = a{s, x) + w + x^d^w + 2wi{s)dxW + {dxw)^ , 
where a(s, x) is defined as 

a{s, x) — (aix) — a(0))s + (wi(s) — 2sdsWi{s))x + ?«i(s)x^ . 
The formal solution of (110. 9p can be expanded as follows: 

W*is,x)^Y.^*rni^>"'^'' 
m>0 

where v*^ satisfies the following relation: 

(10.10) v^ix) = Vmix) ~ w„i^o - w,n,ix G a;^C[[a;]]i. 
Let W*{cr,x) be Borel transform w.r.t. s of w*{s,x), it follows that 

W*{a,x) = W{a,x) - Bwoia) - Bwiia)x. 

Thus, one needs only to prove that W*{(t,x) G C{x}'^{Oq) or, thanks to Theo- 
rem [^21 it suffices to establish the following property: there exist S — S{R;d,6), 
fj. £ (0, ooe"*'^) such that 

(10.11) Y\\^ a™eCM. 

^ ' ^ II m! S,M.4m 

m>0 

Let w{s,^) = Bw{s,^). Applying B to both sides of ((TOJ)) . we have following 
convolution partial differential equation: 

2sdsw = a{s, + (1 + + 2u-i(s)9|(ew) + (dl^w)*^ , 

where 

a(s, = A{^)s + wi (s) - 2sdsWi (s) + wi (s)^ 

and 

A = B{a{x)-a{0)). 
Equivalently, if we write u,,, = B{v*^) and 

m>0 

it follows that, for all m > 0, 

m — l m — 1 

(10.12) (2m + 1 - ^)Vrn = am + 2 E wisPvm-e-i + E 'Pve * VVm-t-l ■ 

1=1 e=o 
Since Vvt — d^ve + d{^d^ve), it follows that 

\\'Pve{0\\s,t,,M+2 < \\d^^d^veX^)\\s,f,Ae+2 + \\d^vei0\\s,^,4i+i. 
By Corollary 14. 11 one obtains that, for all £ > 0, 

(10.13) \\Vvems,^.Ai+2 < {£ + 1)K\\{2£ + 1 - OMms,^.Ae, 

where K denotes a positive constant depending of _R, \fi\ and C which is given by 
Corollary 14.11 with 
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If we let Wm — ||(2m + 1 — ^)vmi£.)\\s.,tJ.Am, from equation (|10.12|) and inequality 
(fT0l3| . we find: 



(10.14) < ||5„||5,^,4™ + 2K J2\ 

we^i\{m - £)Wm-i-i 

e=i 

+^2 ^ + 1) (m - £) W, Wra-l^u 
A{t) = B{t) = 



Let 



m+l 

m>0 m>0 



and let 



m>0 

be the formal solution of the following Fuchsian differential equation: 

(10.15) y{t) ^ A{t) + {tdtyit)f + 2K Bit)tdtyit)), 

with y{0) = 0. Therefore, relation (|10.14p implies that the sequence (Wm) is 

majored by (M^) 

By Proposition llO.li we know that A{t), B{t) G C[[t]]i. Thus the formal solution 
M{t) of the Fuchsian equation (|10.15p will belong to the same Gevrey class as that 
for the coefficients A{t) and B{t) (cf. Remark 110.11 and Appendix |B] for more 
details), which completes the proof of (jlO.lip . Theorem 1 10. II is proved. □ 



Remark 10.1. By making use of Malgrange's approach \2^ . one can prove the 
following statement: Any formal solution of an algebraic differential equation with 
coefficients Gevrey order < 1/k is at most Gevrey order 1/k if the Newton polygon 
of the variational equation has no slope in interval (0,fc); see Appendix\^ 

Appendix A. On Lemma [HH] 

Instead of (j8.2p , we consider the following perturbation equation, with a (small) 
parameter e: 

(A.i) (e - in)m - * m + ec * mio + m- 

If we write the solution in the form 

V(C,e) = ^V.(Oe^ 

then comparing the coefficients of in both sides of the equation (jA.l[) . one has 

Mi) ^ 

and, for any £ > 0, 

(A.2) V£+i(0 - -\- {B *MO + c* mKO)- 

By induction on i, one can easily check that ipi can be put of the following form: 

MO = [MoiO + MliO iog(e - 60 + - + MiiO iog'(e - 60] , 
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where ^pej e £{V,n-i)- Indeed, for any H G £(ri„-i) and for all m S N, consider 
the function 

Hr,, :=H*log™(e-e„), 
which is clearly defined and analytic over f2„ and can be continued to the universal 
covering r2„_i_„ of fln-i.n '■= ^n-i \ {Cn}- Let 7n := 7c„ be the continuation 
operator, intuitively saying 'monodromy operator around ^ = acting on the set 
0{Cln~i,n) and such that 

It follows that, for all positive integer m, 

m-l , . ^ 

(A.3) 7ni?™ - = E U (2^^)""' ■ 

Obviously, from the fact Hq G ©(fin), that is merely primitive function of i7, it 
follows that 7ni/o = -ffo- If we set: 



(A.4) Hra = i2TnrY.^- 

and suppose that jnH,n.e ~ Hm,i for all ^, then (|A.3p implies that the coefficients 
Hm,i are related as follows: 

m-l / j \ 

In particular, one may deduce the following formula: 

Hm,m = Hm-l,m-l = ■■■ = Hi i = Hq^q := Hq. 

On the other side, one may prove that there exist such functions H^.i, satisfying 
the equation (|A.4|) . and to be unique in £(0„_i). We omit the details of the proof. 

Appendix B. On Maillet-Malgrange Theorem 
In the following, k denotes a given positive number. 

Let m S N, z = (zq, z,„) and let F{x,z) G C[[a::, z]] be a power series. Let 
5 — and for all (j) G a;C[[a:]], let $ = (0, (50, ...(5™(^). We introduce following 
linearized operator Lp.,), along (j) by 

m 

Lf,^ :=E9..F(x,$)J' G C[[x\][5]- 

1=0 

therefore one can define the so-called Newton polygon M{Lp ,f,) for Lp^^: this is the 
convex envelop in [0,m] x [0, oo) of the set consisting of all the vertical half-lines 
starting from {i,Vi) with Vi — yalx=QdziF{x, $), < i < m. A differential equation 
on (j), F{x, $) — b{x), is called to be Fuchsian type at a; = if Vm < '^i for all i ~ 0, 
• ■ • , m or, equivalently, if J\f{Lp,ct,) C [0, to] x [vm, oo). 

In the meanwhile, for any ly > 0, let Hi, be the set of / := J2n>Q "^n^^" ^ C[[a;]]i/fc 
such that : 

11/11,:= ^Kln-^ («!)-!/'=< oo, 

ri>0 
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where, by convention, we denote O'' = 1; thus one gets a Banach space ("Hjy, || • \\^). 
A power series F{x, z) € C[[a;, z]] wiU be said to belong to 'H,y{z} if 

F{x,z)-^ E /^(^)^' 

satisfies the foUowing condition: 

^ 11/11..^ eC{z}. 

Finally for all A > 0, we write F\{x,z) — F{\x,z). As one extension of Maillet- 
Malgrange Theorem [531 Theoreme 1.4], The more details of Remark 110.11 can be 
stated as follows. 

Proposition B.l. Let F G C[[a::, 2]] and suppose there exists {v, A) G [0, 00) x (0, 00) 
such that Fx G Huiz}. Let (f> G a;C[[a;]] be such that F(x,^) G C[[a;]]i/fe and 
valx=oidz,r,^i^i^)) < U J^{LF,(t>) have no slope with value belonging to interval 
(0,fc), then (j) G C[[x]]i/fe. 

Proof. It suffices to adapt the Malgrange's idea [53] to this situation. The details 
are left to the interested reader. □ 

Remark B.l. Malgrange's approach 123] can be extended to q- difference- differential 
equations and ultra-metric cases, respectively (cf. ''33] and [ICt]). It is not difficult to 
think up some generalization of these results in a similar way as that in Proposition 
\B.1\ above. 
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